We examine theoretically the recent experiments of Lange and Walther on the dynamical interaction of Rydberg atoms in a microwave cavity in the presence of a strong driving field. In particular, we study how the intense field renormalizes the cavity-induced spontaneous emission. For this purpose we derive the master equation for the atomic dynamics by adiabatically eliminating the cavity-field variables, while treating the intense driving field nonperturbatively.
Intense-field renormalization of cavity-induced spontaneous emission G.S. Agarwal, * W. Lange, and H. Walther Sektion Physik der Universitat Munchen and Max-Planck-Institut fur Quantenoptik, D 857-$8 Garching, Germany (Received 18 May 1993) We examine theoretically the recent experiments of Lange and Walther on the dynamical interaction of Rydberg atoms in a microwave cavity in the presence of a strong driving field. In particular, we study how the intense field renormalizes the cavity-induced spontaneous emission. For this purpose we derive the master equation for the atomic dynamics by adiabatically eliminating the cavity-field variables, while treating the intense driving field nonperturbatively.
We present analytical and numerical solutions of the master equation, taking into account the turn on and turn ofF of the atom-field coupling in the rest frame of the atoms, as well as the velocity distribution of the atomic beam. We obtain good agreement between theoretical results and experiments.
PACS number(s): 42.50.Hz, 32.70.Jz, 42.52.+x I. INTRODUCTION It is well known [1 -5] that the spontaneous emission characteristics of an atom are modified by the electromagnetic properties of the local environment. In particular, the decay rate I' of an atom in a cavity is given by [1, 6, 7] where I'0 is the spontaneous emission rate into other modes (if available) and 2g /K is the decay rate into a resonant cavity mode. Here g is the atom-Geld coupling constant and 2v is the damping rate of the photon number in the cavity. The rate K, is related to the quality factor Q of the cavity at the resonance frequency io, :
(1.2)
tern can be described in terms of the semiclassical dressed states of an atom in a single mode field. In &ee space and for a resonant driving field one would obtain the Mollow resonance Huorescence triplet [10] , which is depicted in Fig. 1 . The dashed line in this Ggure corresponds to the spectral density of the cavity mode. In the experimental situation considered here, the Rabi frequency 0 associated with the strong external Geld usually exceeds the cavity linewidth v. . Consequently, the Huorescence sidebands fall outside the response spectrum or" the cavity mode (cf. Fig. 1 ), which results in a significant reduction of the cavity-induced decay rate.
In Sec. II we derive the dynamical equations for the atom by eliminating the degrees of freedom associated with the cavity Geld. As the external field can be arbitrarily strong, we treat it in a nonperturbative way. In
Sec. III we obtain approximate dynamical equations for very large Rabi &equencies of the external field and give
For the case of Rydberg atoms in microwave cavities [6, 7] , the contribution 2g2/r. generally exceeds by far the rate in free space. Several experiments have been reported to measure this cavity-enhanced spontaneous emission [2, 8] .
Beyond this static eBect, recently it has been suggested that spontaneous emission can also be modified dynamically [9] . In this paper we calculate the renormalization of the cavity-induced spontaneous emission by a strong rf field. We consider a beam of two-state Rydberg atoms interacting with a single mode of a microwave cavity driven by an external source. The atoms, which are initially in the upper state, undergo Rabi oscillations while they traverse the resonator. At the same time, the presence of the cavity leads to spontaneous and thermally induced transitions between excited and lower states. The characteristics of these transitions depend on both the Rabi frequency and the detuning of the driving Geld. The sys- -r n (aatp -2atpa+ paat), (2.2) where n is the mean number of thermal photons in the cavity mode.
We will work in a frame rotating at the frequency uõ f the external field. In this frame the Hamiltonian (2.1) is replaced by H = AAS'+ h8ata+ hg (S+a+ S at) +h (aE* + atE), (2.3a) where the detunings L and b are defined by + =~o -~1~~=~c -~t . [15] . Let p be the reduced. density matrix for the atomic system alone. For no driving Geld (n = 0), p is known to be given by [16] [5, 8, 17, 18] .
We now return to the question how the atomic dynamics described in Eq. (2.10) is modified by a strong driving field. It should be noted that the derivation of (2.10) assumes that the cavity-field correlation time K is short compared with the interesting time scales in the problem. The situation changes in the presence of a strong driving field, when 0 )) K holds and thus the cavity-Geld correlation time is large compared to the Rabi Hopping time. Such a situation can be handled by working in the basis of semiclassical dressed states I+) [19, 20] 
.
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The corresponding modified Bloch equations [9, 12] in the original basis are given in Appendix B.
The dynamical equations (2.23) describe the cavityinduced emission in the presence of a driving field. The limit of no external field is obtained by setting 0 equal to zero. The resonant structure of the cavity-induced decay terms should be noted. The resonances occur at b = 0 and b = +0, which is reminiscent of the Mollow spectrum in &ee space [10, 21] 
The frequency 0 at which the dipole moment oscillates is shifted from the generalized Rabi frequency 0: 
Using the dependence (2.7) of the intracavity Rabi frequency 0 on the detuning b, we can calculate the decay rates I'~~, I'~and the dynamic shift of the Rabi frequency AO as a function of the driving field detuning. Figure 2 shows the result for the cavity in resonance with the atomic transition (4 = h). We first observe that for large positive or negative detuning the three quantities assume their zero-field values, as it must be, because far from the cavity resonance the external field does not couple to the intracavity field owing to Eq. (2. In contrast to the optical domain, in the Rydberg atom experiment we consider here, the cavity is closed on all sides, apart from small holes for the atomic beam injection and coupling of the external microwave field. This has two notable consequences. First, the atom does not couple to modes of the continuum. Therefore, suppression of decay into the cavity mode means that the atom does not decay at all, as there are no other decay channels available. At the same time, the observation of atomic fluorescence in the cavity is ruled out. The only source of information on the atom-cavity interaction is the state of the atoms leaving the cavity. Consequently, I'I~cannot be measured directly, but has to be inferred, for example, from the lower level population Pz --1/2 -(S') of the atoms leaving the cavity.
It should be noted that the experiment we describe involves a transient situation, as the transit time T is of the same order of magnitude as the photon lifetime (2r) i in the cavity.
As was shown above, the suppression of atomic decay depends on the orientation of the Bloch vector in the dressed kame. Complete suppression can only be achieved if it is oriented along the z axis. In the next section we will show that, if the atoms are prepared outside the cavity, the alignment of the Bloch vector and hence the modification of spontaneous emission is determined by the diabatic or adiabatic change of the atom-cavity coupling when the atoms enter the cavity. A much more important aspect is that, according to Eq. (2.7), the time dependence of the coupling g(t) also determines the rate of change of the intracavity Rabi frequency A(t). The rise time r of the Rabi frequency, on the other hand, determines the atomic dynamics during the turn on of the coupling [22] , the important quantity being the product wL. Thus the superposition of the dressed states~+ ),~-), in which the atom is found inside the cavity, depends critically on the mode function g(t). Once the atomic state at the end of the entrance phase is known, it can be used as initial condition for Eqs. (3.6), which yield the solutions (R+) and (R') at the cavity exit. These have to be propagated through the turn ofF phase to obtain as the Gnal result the lower level population at the detector.
IV. INFLUENCE OF TIME-DEPENDENT
The situation is particularly simple if the detuning A is large compared to the inverse rise time w of the coupling in the rest frame of the atoms. In this case the transition &om zero to the full coupling is adiabatic and the atoms are always in an eigenstate of the Hamiltonian H . For positive 4, for example, an atom prepared in state~1 ) will end up in the dressed state~+ ), while~2 ) is transformed into~-). The reverse process occurs at the cavity exit. Therefore, the atoms would leave the cavity in the same state they entered, if they would not undergo spontaneous and thermally induced transitions inside the cavity.
In Fig. 4 Fig. 9 we present the measured data, together with the corresponding theoretical result, which is in quite good agreement. Both curves feature the nearly complete suppression of transitions over a tuning range of the driving Geld of roughly +500K,. The theoretically predicted sharp central peak is also observed, indicating the presence of a finite dressed state polarization due to nonadiabatic effects. The fraction of lower level atoms for large L is equal to the value in the absence of the external field, (1+n)/(1+ 2n), which can be determined from the stationary solution of Eqs. (2.11a ).
An important aspect in Rydberg atom experiments, which has not been addressed yet, is inhomogeneous Otherwise the parameters are the same as in broadening of the atomic line. It is mainly due to random Stark shifts in electric stray fields that are caused by atoms deposited on the cavity wall. This process occurs irreversibly in the course of an experimental run and periodical cleaning of the cavity is necessary to obtain reproducible results. Figure 10 (a) shows a spectrum recorded with a contaminated resonator, which had been in use for an extended period. Suppression of decay is still present even under conditions of strong inhomogeneous broadening, but the central peak observed in Fig. 9 (a) does not show up. We have modeled this experimental situation by averaging (S') over a Gaussian distribution of atomic transition frequencies. For simplicity we have used the analytical expression (C16) for (S'), which can be readily evaluated. The result is shown in Fig. 10(b) +cos (0) R+ e* ' -sin (0), B e ' ' + H. c. strong field limit assumed in the derivation of (4.3). This is shown in Fig. 12 In this section we discuss the adiabatic elimination of the cavity field from the density matrix equation (2.20) which we rewrite as Tr, a(t)at(t -r) p, -:( a(t)at(t -r)) = (n+ 1) e Tr at(t)a(t -7) p, = (a"(t)a(t -r)) = ne On using (A4) and (A5) 
Substituting (A9) (Bl) in (A10) and take the expectation values. We then obtain the equations [23, 24] Oo if it~& - is slow compared to other characteristic time scales of the system. This condition is no longer fulfilled, if we want to describe the turn on and turn off of the coupling g(t) in the rest frame of the atoms for detunings b, ( r [22] .
Here we would like to present a solution, which is valid for arbitrary detunings. We proceed in three steps. First we treat the turn on phase, making use of an analytical solution of the Schrodinger equation for a particular shape of the leading edge of the coupling. We neglect atomic decay during this phase. In the second step we where the mixing angle 0 is defined in (2.15) The parameters n and P are determined by the initial conditions at t~-oo (z = 0), up to a phase factor, and are constant in time. 
